Hybrid density functionals are very successful in describing a wide range of molecular properties accurately. In large molecules and solids, however, calculating the exact ͑Hartree-Fock͒ exchange is computationally expensive, especially for systems with metallic characteristics. In the present work, we develop a new hybrid density functional based on a screened Coulomb potential for the exchange interaction which circumvents this bottleneck. The results obtained for structural and thermodynamic properties of molecules are comparable in quality to the most widely used hybrid functionals. In addition, we present results of periodic boundary condition calculations for both semiconducting and metallic single wall carbon nanotubes. Using a screened Coulomb potential for Hartree-Fock exchange enables fast and accurate hybrid calculations, even of usually difficult metallic systems. The high accuracy of the new screened Coulomb potential hybrid, combined with its computational advantages, makes it widely applicable to large molecules and periodic systems.
I. INTRODUCTION
In recent years, density functional theory ͑DFT͒ has proven to be a highly competitive method in a wide range of applications. While the local density approximation ͑LDA͒ has been used in solid state physics for quite some time, the advent of functionals based on the generalized gradient approximation ͑GGA͒ 1 has made DFT a valuable tool in chemistry. Hybrid density functionals, 2 which include a certain amount of Hartree-Fock ͑HF͒ exchange, have further improved upon the GGA results. This improvement apparently originates in the inclusion of nondynamical correlations which effectively delocalize the GGA exchange hole. Efficient hybrid calculations of solids are possible using Gaussian-type orbitals and periodic boundary conditions ͑PBC͒. 3, 4 More recently, linear scaling DFT and HF methods [5] [6] [7] have become available, drastically reducing the cost of calculations for large systems.
Long-range Coulomb interactions can be calculated efficiently for extended systems using techniques based on the fast multipole method ͑FMM͒. 4,8 -12 Unfortunately, this approach cannot be used for the HF exchange interaction, since FMM relies on a specific contraction scheme between the electron repulsion integrals and the density matrix.
Kohn has shown that the range of the exchange interaction in insulators decays exponentially as a function of the HOMO-LUMO or band gap. 13 In metallic systems, our own benchmarks indicate that the decay is algebraic. Various truncation schemes have been proposed 6, 14, 15 to exploit the exponential decay in systems with sizable band gaps. However, these approaches fail to significantly decrease the computational effort in systems with small or no gaps. This greatly increases time demands of hybrid calculations, compared to pure DFT calculations, i.e., those without a portion of HF exchange.
In our PBC calculations, HF exchange is calculated in real space as the sum over all significant interactions in the unit cell and between the unit cell and its neighbors ͑see Sec.
III͒. An example of a PBC HF calculation on a ͑6,6͒ metallic carbon nanotube is shown in Fig. 1 . The squares depict the HF exchange energy contribution of a given cell as a function of distance from the reference cell. As mentioned above, convergence with distance is very slow in metallic systems and full convergence of HF calculations is extremely hard to achieve.
In solid state physics, screening of the Coulomb potential has a long history. 16 HF calculations in metals suffer from a divergence in the derivative of the orbital energies with respect to k. 17 This singularity is caused by the divergence of the Fourier transform 4/k 2 of the 1/r Coulomb potential which diverges for kϭ0. A screened potential, having a shorter range than 1/r, eliminates the divergence. More recently, screened Coulomb potentials have also been used in quantum chemistry 18 -21 for different purposes. In this work, we propose to apply a screened Coulomb potential only to the exchange interaction in order to screen the long-range part of the HF exchange. All other Coulomb interactions of the Hamiltonian, such as the Coulomb repulsion of the electrons, will not use a screened potential. We split the Coulomb operator into short-range ͑SR͒ and longrange ͑LR͒ components:
͑1͒
where erfc(r)ϭ1Ϫerf(r) and is an adjustable parameter.
For ϭ0, the long-range term becomes zero and the shortrange term is equivalent to the full Coulomb operator. The opposite is true for →ϱ. The choice of the error function is somewhat arbitrary but sensible in our case, because the error function can be integrated analytically when using Gaussian basis functions. Figure 1 shows the effect of using such a screened Coulomb potential for the HF exchange interaction in a metallic system ͑circles͒. The screened exchange energy contribution decays exponentially as a function of distance, even though the system has no band gap. In insulators ͑not shown here͒, the already present exponential decay is accelerated even further.
II. A SCREENED COULOMB POTENTIAL HYBRID FUNCTIONAL
We propose a new hybrid functional which performs the exact exchange mixing only for short-range interactions in both HF and DFT. This allows the exchange hole to become delocalized among the near neighbors of a reference point, but not beyond.
The PBE0 hybrid functional, [22] [23] [24] [25] which is based on the PBE exchange-correlation functional by Perdew et al., 26 assumes the following form for the exchange-correlation energy:
where the mixing coefficient aϭ1/4 is determined by perturbation theory. 22 We focus now on the expression for the exchange energy
and split all terms into their short-and long-range components:
Numerical tests based on realistic values ͑e.g., ϭ0.15 as in Fig. 1͒ indicate that the HF and PBE long-range exchange contributions of this functional are rather small ͑just a few percent͒, and that these terms tend to cancel each other. Thus, if we neglect them and work under the assumption that this approximation may be compensated by other terms in the functional, we obtain a screened Coulomb potential hybrid density functional of the form:
where is an adjustable parameter governing the extent of short-range interactions. The PBE hybrid, or PBEh, is equivalent to PBE0 for ϭ0 and asymptotically reaches PBE for →ϱ. A derivation of the various short-and longrange terms in ͑5͒ is outlined in the following sections.
A. Screened Coulomb potential Hartree-Fock exchange
The short-range component of the HF exchange can be obtained by using the SR Coulomb potential when calculating the electron repulsion integrals ͑ERI͒ for the HF exchange energy. 27, 28 The PRISM algorithm 29 can be modified to generate the short-range ERI,
over contracted Gaussian-type basis functions i (r). It is only necessary to modify the fundamental ͓0͔ (m) integrals, from which the ERIs are generated by recursion,
where
and U, R, , and are derived from the basis functions via the Gaussian product rule ͑see Ref. 29͒. Evaluating the shortrange ERIs is only slightly more time consuming than the regular ERIs since only the primitive ͓0͔ (m) integrals are modified. The contraction and transformation steps of the PRISM algorithm dominate the computational time and remain unchanged.
B. A screened Coulomb potential PBE exchange functional
The screened Coulomb exchange functional is based on a short-range modification of the PBE exchange functional. 26 The exchange hole of the PBE functional has been constructed in Ref. 30 This enhancement factor includes not only the PBE gradient correction to LDA, but also the Coulomb screening for the short range. Further details about the derivation of ͑9͒ can be found in the Appendix.
Multiplying the enhancement factor with the LDA exchange energy density ⑀ x LDA then yields the exchange energy density for the short-range PBE functional:
Integrating ⑀ x PBE,SR over all space results in the short-range PBE exchange energy contribution,
The long-range term can be calculated as
Modifying the exchange hole to include the screened Coulomb potential changes the normalization of the hole. The resulting PBE-SR ͑or LR͒ functional can therefore only be used in calculations where all Coulomb interactions use a screened potential or in a hybrid functional ͑like PBEh͒ which compensates for this.
III. COMPUTATIONAL DETAILS
Due to the complexity of the PBE functional, it was deemed simpler, for testing purposes, to use a twodimensional cubic spline interpolation to calculate the first derivatives with respect to the density and the reduced gradient s. A 1600ϫ1600 grid in log() and s is used, yielding 10 Ϫ10 accuracy for the enhancement factor F X
PBE,SR
(s) and 10 Ϫ9 for its derivatives. These derivatives were used for both self-consistent energy calculations as well as geometry optimizations with analytic gradients.
The PBEh functional was incorporated into the development version of GAUSSIAN. 31 The 6-311ϩϩG(3d f ,3pd) basis set was used in self-consistent Kohn-Sham calculations of atomic energies, enthalpies of formation, and geometry optimizations of diatomic molecules. This basis is large enough to achieve results close to the basis set limit.
All thermodynamical data was calculated using geometries optimized at the MP2/6-31G* level. Standard enthalpies of formation were obtained by the procedure described in Ref. 32 . For both the zero point energy and the thermal enthalpy corrections, HF/6-31G* frequencies scaled with a factor of f ϭ0.8929 were used.
The PBC calculations of carbon nanotubes were performed with a PBC implementation 4 in GAUSSIAN. A generalized version of the near field exchange ͑NFX͒ 6 was used to evaluate the HF exchange in periodic systems. Geometries were optimized at the PBE/6-31G level. The 6-31G* basis set was employed for the density of states calculations.
IV. RESULTS AND DISCUSSION
In order to validate our assumption in Sec. II, we compare the new PBEh functional to a PBE0-like hybrid which uses the screened SR HF exchange instead of the full HF exchange,
where aϭ1/4. Mean absolute errors ͑MAE͒ for standard enthalpies of formation at 298 K were calculated as a function of . Results for the G2-1 set of 55 small molecules 32 are shown in Fig. 2 . For ϭ0, PBEh reproduces PBE0 ͑up to a slight deviation due to the parametrization of the PBE and PBE exchange holes͒. PBEh reduces to the nonhybrid PBE functional for →ϱ. The computational effort necessary to calculate the SR HF exchange decreases drastically with increasing .
An extensive study of the dependence of various properties was performed for both molecules and solids. All calculated molecular properties only show a very slight dependence on in the range from ϭ0.05 to 0.35 a 0 Ϫ1 , which validates our earlier assumption. In order to reproduce reliable values for the band gap in semiconducting solids, it is necessary to choose р0.15. In these systems, the calculated band gap is directly proportional to the HF contribution to the exchange energy.
In addition, two-dimensional optimizations of both a and were carried out over the G2-1 set of small molecules and for selected periodic systems. The minima in parameter space were very broad and give no reason to change the mixing coefficient aϭ1/4.
A balanced description that provides good accuracy and speed, both in molecules and solids, can be achieved by choosing ϭ0.15 a 0 Ϫ1 . This value will be used hereafter. Table I shows the total energies for the H-Ne atoms, comparing the new PBEh functional to PBE and PBE0. The modest underestimation of the total energies is due to different decay properties of HF and DFT exchange energy potentials. The more delocalized SR-HF exchange falls off slightly slower for Ͼ0 than the LR-DFT exchange increases. This produces a slight overall increase in the magnitude of the exchange energy, due to an overcompensation by the LR-DFT part. In addition, the lack of self-interaction correction in the PBE correlation functional contributes to the underestimation of the total energies. Tables II and III show the results for standard enthalpies of formation for both the G2-1 and the larger G2-2 set of molecules. The performance of PBEh is better than PBE0 for both test sets and only slightly worse than that of B3LYP which contains empirical parameters fitted on the G2-1 set of molecules. The reason for the improvement over PBE0 is twofold: First, the underlying ͑exchange hole based͒ form of PBE predicts better thermodynamical properties ͑in the order of 0.5 kcal/mol for the MAE͒. Second, the dip in the mean absolute error at 0.1рр0.3 for the G2-1 set ͑see Fig. 2͒ also improves the results.
A. Standard enthalpies of formation
Not surprisingly, the magnitude of errors for individual molecules closely resembles the PBE0 errors. Overall, the performance of PBEh for calculating enthalpies of formation is on par with the best established hybrid functionals.
B. Geometry optimizations
Bond length optimizations were carried out for the 22 diatomic molecules of the G2-1 set and compared to experiment. 33 The results are summarized in Table IV . Again, the performance of PBEh is as good or better than the results from the established hybrid DFT methods B3LYP and PBE0.
C. Periodic boundary condition calculations
In order to evaluate the performance of PBEh in periodic systems, PBC calculations were carried out on several carbon single-walled nanotubes ͑SWNT͒. This provides some insights in terms of accuracy, as well as computational cost. Figures 3 and 4 show the results of density of states calculations for a semiconducting ͑10,0͒ and metallic ͑8,8͒ carbon single wall nanotube ͑SWNT͒, respectively. Overall, the accuracy of the PBEh results resembles the PBE0 results. In the case of the ͑10,0͒ SWNT, the distance between the first two van-Hove singularities ͑VHS͒ is 1.0 eV, while the experimental result is 1.1 eV. 34 For the metallic ͑8,8͒ nanotube, none of the three methods is in close agreement with experiment ͑distance between first VHS 1.5 eV 35 ͒. PBE is closest to experiment ͑2.0 eV͒, while PBEh ͑2.4 eV͒ is slightly better than PBE0 ͑2.7 eV͒. A detailed comparison of PBE and PBE0 calculations for the density of states of carbon nanotubes will be published elsewhere. 36 Although the PBEh and PBE0 functionals both produce similar results, the computational effort needed to converge these calculations differs significantly. For a metallic ͑6,6͒ carbon SWNT ͑Fig. 1͒, PBEh achieves millihartree accuracy when including the exchange contributions of the first and second nearest neighbors, while interactions up to the fourth nearest neighbors need to be included for PBE0. Including the third nearest neighbors in the PBEh calculation results in microhartree accuracy. In the case of PBE0, microhartree accuracy can only be achieved with many more cells and great difficulty, as Fig. 1 shows.
In addition to the faster spatial convergence of the shortrange HF interactions, PBEh exhibits improved convergence behavior in the self-consistent-field ͑SCF͒ procedure. The SR HF exchange interactions can be truncated in a wellbehaved manner due to their exponential decay. In several of the metallic systems we have studied, instabilities appear in the SCF procedure when using the standard HF method. The   FIG. 3 . Density of states for a semiconducting ͑10,0͒ carbon single wall nanotube. exchange interactions, which need to be truncated in order to make the calculation feasible, are often non-negligible and their truncation leads to instabilities in the SCF. In PBEh calculations, only negligible interactions are truncated, resulting in smooth SCF convergence.
V. CONCLUSIONS
We have introduced a new hybrid density functional based on a screened Coulomb operator for the exchange interaction. For molecular systems, this PBEh functional yields an accuracy comparable to the best established hybrid methods, such as B3LYP and PBE0. A limited study of PBC calculations also indicates a performance similar to established functionals.
Significant reductions in computational effort can be achieved for large molecules and clusters, especially for systems with relatively small HOMO-LUMO gaps. In these cases, truncation schemes for the HF exchange interaction can benefit greatly from the drastically reduced range of the exchange interaction. For PBC calculations in systems with small or no band gaps, the time savings are even larger.
The PBEh functional provides an accurate, easy to use, computationally efficient model chemistry which can be applied to a wide range of systems.
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APPENDIX: INTEGRATING THE PBE EXCHANGE HOLE
The original PBE exchange hole 30 is scaled by the Coulomb screening factor erfc(y/k F ) to yield 
͑A2͒
The problem lies in the terms containing y in the denominator:
In order to circumvent this obstacle, the term was approximated by a set of five Gaussian-type functions, The quality of the fit was tested by evaluating both the energy contribution and the normalization condition compared to the original expression ͑A2͒. The errors were 0.4% and 5%, respectively. Given the use of fitted functions in other terms of the PBE exchange hole, this approximation should not impact the performance of the functional. Using this approximation, the PBE exchange hole ͑A1͒ can be integrated to give the enhancement factor as shown in Eq. ͑9͒.
